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Abstract
A radiatively-corrected mixing angle has to be independent of the choice of renor-
malization scale to be a physical observable. At one-loop in MS , this occurs for a
particular value, p∗, of the external momentum in the two-point functions used to
define the mixing angle: p2
∗
= (M21 +M
2
2 )/2, where M1,2 are the physical masses
of the two mixed particles. We examine two important applications of this to the
Minimal Supersymmetric Standard Model: the mixing angle for a) neutral Higgs
bosons and b) stops. We find that this choice of external momentum improves
the scale independence (and therefore provides a more reliable determination) of
these mixing angles.
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In Quantum Field Theory renormalized using dimensional regularization and min-
imal subtraction [1] (or modified minimal subtraction, MS [2]), the parameters of the
model at hand (say the Standard Model, SM or some extension therof) depend on an
arbitrary renormalization scale, Q. The running of these parameters with Q is governed
by the corresponding renormalization group equations (RGEs). Physical observables,
on the other hand, cannot depend on the arbitrary scale Q, and the relations that link
physical quantities to the running MS parameters are of obvious importance in order
to make contact between theory and experiment.
Two familiar examples in the SM concern the Higgs and top quark masses. The
relation between the top-quark pole mass, Mt, and the running top Yukawa coupling,
ht(Q), (or alternatively the running top quark mass) is of the form
ht(Q) = 2
3/4G
1/2
F Mt
[
1 + δt(Q, p
2 = M2t )
]
, (1)
where GF is Fermi’s constant and the function δt, which contains the radiative correc-
tions, depends explicitly on Q and is evaluated on-shell, i.e. at external momentum
satisfying p2 =M2t . This function δt is known up to three loops in QCD [3,4] and one
loop in electroweak corrections [5]. The relation between the Higgs boson pole mass
and its quartic self-coupling λ(Q) is similar to (1):
λ(Q) =
1√
2
GFM
2
h
[
1 + δh(Q, p
2 =M2h)
]
. (2)
The function δh was obtained at one loop in ref. [6].
The scale dependence of the exact functions δt(Q) and δh(Q) in eqs. (1) and (2)
must be such that it exactly compensates the scale-dependence of the couplings ht(Q)
and λ(Q), in such a way that Mt and Mh are scale-independent. As shown by these
examples, in practice we can only calculate δt(Q) and δh(Q) in some approximation (say
up to some finite loop order) and, in general, there is some residual scale dependence
left. In fact, choosing a particular value Q∗ of the renormalization scale by demanding
that the residual scale dependence is minimized (this can be done with different levels
of sophistication, see [7]) gives in general a good approximation to the full result, or
allows a good estimate of higher order corrections. Often there is some physical reason
for the particular value Q∗ chosen (e.g. Q∗ might be some average of the masses of the
virtual particles that dominate the loop corrections, or the typical energy scale of the
process studied), but this is not necessarily the case always [4,8].
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A physical mass is defined at the pole of the corresponding propagator and therefore
the external momentum in (1) and (2) is set to the physical mass. As we remind in
section 1, this choice ensures that the scale dependence in equations like (1) and (2) is
the same on both sides, leading to a scale-independent definition of the physical mass
(up to the residual dependences due to higher order corrections just mentioned). The
purpose of this letter is to address the problem of how to obtain a scale-independent
mixing angle between two particles with the same quantum numbers, so that a con-
venient definition of such angles can be achieved. We will show that relations similar
to (1) and (2) can be found that relate ‘physical’ and ‘running’ mixing angles. Then
we show that, at one loop, a scale-independent mixing angle in MS is possible for a
very particular choice of external momentum, p∗, in the self-energies that contribute
to radiative corrections, with
p2
∗
=
1
2
(M2
1
+M2
2
) , (3)
where M1 and M2 are the physical masses of the two particles that mix.
In section 1 we present the general derivation of the momentum scale p∗ for the
simple case of the mixing angle between two scalar fields. We apply this general result
to two important cases with phenomenological interest in the Minimal Supersymmetric
Standard Model (MSSM): first to the stop mixing in section 2 and then to the mixing
between the two CP-even Higgs scalars in section 3. We end with some conclusions in
section 4.
1. We start by proving the scale-independence (at one-loop) of the pole-mass for a
single scalar field, ϕ, with Lagrangian
L = 1
2
∂µϕ0∂
µϕ0 − 1
2
m2
0
ϕ2
0
+ ...
=
1
2
∂µϕ∂
µϕ− 1
2
m2ϕ2 +
1
2
δZϕ∂µϕ∂
µϕ− 1
2
δm2ϕ2 + ... , (4)
where ϕ0, m0 (ϕ,m) are bare (renormalized, say in MS -scheme) quantities and δZϕ, δm
2
are counterterms. They are related by
ϕ0 =
(
1 +
1
2
δZϕ
)
ϕ , (5)
m2
0
= m2 + δm2 − δZϕm2 . (6)
The quantities ϕ and m2 depend on the renormalization scale Q through δZϕ and δm
2:
d lnϕ
d lnQ2
≡ γ = −1
2
dδZϕ
d lnQ2
, (7)
2
dm2
d lnQ2
≡ βm2 = − dδm
2
d lnQ2
+m2
dδZϕ
d lnQ2
≡ β0m2 − 2γm2 . (8)
The relation between the one-loop bare and renormalized inverse propagators, Γ0(p
2)
and Γ(p2) respectively, is
Γ(p2) ≡ p2 −m2 +Π(p2) = (1 + δZϕ)Γ0(p2) = (1 + δZϕ)[p2 −m20 +Π0(p2)] , (9)
where Π0(p
2) [Π(p2)] is the bare (renormalized) one-loop self-energy for external mo-
mentum p2. From (9) we can obtain the renormalization-scale dependence of the
MS -renormalized self-energy:
∂Π(p2)
∂ lnQ2
= β0m2 − 2γp2 . (10)
The physical mass, M , is defined as the real part of the propagator pole1. Therefore,
M is given by
M2 ≡ m2 − Π(p2 =M2) . (11)
From this, using (8) and (10) we find
dM2
d lnQ2
=
dm2
d lnQ2
− dΠ(M
2)
d lnQ2
= 2γ(m2 − p2)
∣∣∣
p2=M2
+O(h¯2) . (12)
For the on-shell choice p2 = M2, noting that M2 = m2 + O(h¯), eq. (12) is zero at
one-loop order (of course the proof can be extended to all orders).
The scale-independence just proved also holds in the case of mixed fields. Consider
two scalar fields, ϕ1 and ϕ2, with the same quantum numbers, so that they can mix.
Their inverse propagator, for external momentum p, is a 2×2 matrix which at one-loop
order has the form
Γ(p2) ≡ p2 I2 − [m2 −∆(p2)] =

 p2 −m211 +∆11 −m212 +∆12
−m2
21
+∆21 p
2 −m2
22
+∆22

 . (13)
where m2 is the MS -renormalized (‘tree-level’) mass matrix and ∆(p2) contains the
one-loop radiative corrections. In MS -scheme (or for supersymmetric theories DR [9],
the SUSY version of MS , with dimensional reduction instead of dimensional regular-
ization), the elements of m2 depend implicitly on the renormalization scale Q through
an equation of the form:
dm2ij
d lnQ2
≡ βij ≡ β0ij −
∑
k
(
γikm
2
kj + γkjm
2
ik
)
. (14)
1Throughout the paper we will not be interested in particle decay widths and we ignore the imag-
inary part of the self-energies involved.
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In (14) we have written separately the contributions from wave-function renormaliza-
tion, with the anomalous dimensions γij defined by
dϕi
d lnQ2
≡∑
k
γikϕk . (15)
The fact that γij is in general a 2 × 2 matrix reflects the possibility of having kinetic
mixing between the two scalar fields.
The one-loop radiative corrections to the inverse propagator, collected in∆, depend
explicitly on the external momentum p and on lnQ2. In fact, the elements of that
matrix satisfy
∂∆ij
∂ lnQ2
= β0ij − 2p2γij . (16)
The two mass eigenvalues are the poles of Γ−1(p2), that is, the solutions p2 = M2i
(i = 1, 2) of the equation
Det [Re Γ(p2)] = p4 − p2 Tr [M2(p2)] + Det [M2(p2)] = 0 , (17)
where M2(p2) ≡ m2 −∆(p2). To find M2
1,2, eq. (17) has to be solved self-consistently
to the order we work (one-loop). It is easy to show that the mass eigenvalues, M2i , are
indeed scale-independent at one loop. Taking the derivative of eq. (17) with respect to
lnQ2, with p2 =M2i , we find
dM2i
d lnQ2
∝
[
−M2i
d Tr M2
d lnQ2
+
d Det M2
d lnQ2
]
. (18)
Using eqs. (14) and (16) to evaluate dM2ij/d lnQ
2 and making a loop expansion, the
right-hand side of eq. (18) is shown to be proportional to
m4i −m2i Tr m2 +Det m2 , (19)
where m2i is an eigenvalue of the tree-level mass matrix, and therefore must satisfy the
secular equation Det[m2i I2−m2] = 0, so that (19) is zero [and then also (18) vanishes].
This establishes the scale independence of M2i at one-loop. In summary, this agrees
nicely with the well known result that a physical definition of the radiatively corrected
masses, M2i , requires the self-energy corrections [∆(p
2)] to be evaluated on-shell, i.e.
at p2 =M2i .
Besides the particle masses, Γ(p2) in eq. (13) contains also information on the mixing
between the two particles. We can define the radiatively-corrected mixing angle, α(p2),
4
as the angle of the rotation that diagonalizes the mass matrix M2 = m2 −∆(p2):
tan[2α(p2)] ≡
√
4 [m212 −∆12(p2)] [m221 −∆21(p2)]
m211 −m222 +∆22(p2)−∆11(p2)
. (20)
Proceeding like we did for the masses, the scale-dependence of tan[2α(p2)] can be
extracted from eqs. (14,16). At one-loop order, it is simply given by
d tan 2α
d lnQ2
∝
[
2p2 − Tr m2
]
. (21)
From this result we conclude that a scale-independent mixing angle can be defined at
external momentum
p2
∗
≡ 1
2
(M2
1
+M2
2
) . (22)
This is the simple result we wanted to prove. We choose to define p∗ in terms of the
radiatively corrected masses in analogy with the on-shell definition of physical masses.
Eq. (21) involves tree-level masses and cannot be used to justify this choice, although
it is of course compatible with it at one-loop. Besides the analogy with OS masses,
numerical examples in later sections will provide good support for this choice.
In applying the previous prescription to gauge theories one should worry about the
gauge-independence of the mixing-angle definition. We expect our prescription to be
amenable of improvement in order to make it also gauge-independent (along the lines
of [10]). The results of such analysis will be presented elsewhere [11]. For our current
purposes notice that in the examples of the following sections the scale dependence
of the parameters that enter the definition of the mixing angle is very mildly affected
by electroweak gauge couplings, so that it is a good approximation for our numerical
analyses to neglect them.
2. In the context of the MSSM, one particular case in which the previous discussion
is of interest concerns the stop sector. This sector consist of two scalars, t˜L,R, super-
symmetric partners of the top quark which, after electroweak symmetry breaking, can
mix. Their tree-level mass matrix is given by
m2t˜ ≃

 M2L +m2t mtXt
mtX
∗
t M
2
R +m
2
t

 , (23)
where ML (MR) is the squared soft mass for t˜L (t˜R), mt is the top mass and Xt ≡
At+µ
∗/ tanβ, with At the soft trilinear coupling associated to the top Yukawa coupling,
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µ the Higgs mass parameter in the superpotential and tanβ the ratio between the
vacuum expectation values of the two Higgs doublets of the model. In (23) we have
neglected gauge couplings, which give a small contribution through D-terms. The one-
loop self-energy corrections for stops in the MSSM, ∆t˜(p
2), can be found in [12,13].
The stop mixing angle, θt(p
2), including one-loop radiative corrections, can be de-
fined for any value of the external momentum p as the angle of the basis rotation which
diagonalizes M2
t˜
≡ m2
t˜
−∆t˜(p2). Following section 1, we define a scale-independent
mixing angle θ˜t ≡ θt(p2∗), for p2∗ = (M2t˜1 +M2t˜2)/2, where M2t˜i are the (one-loop) stop
mass eigenvalues.
In figures 1.a and 1.b, we illustrate the scale dependence of tan 2θt(p
2) in the range
100 GeV ≤ Q ≤ 1 TeV for different values of the external momentum p. We choose
the following stop parameters: ML = 1500 GeV, MR = 300 GeV, Xt = 1 TeV and
tan β = 10 for figure 1.a, andML =MR = Xt = 1 TeV, tanβ = 10 for figure 1.b (these
are values at the electroweak scale, Q ∼ 100 GeV). We work in the approximation of
neglecting all couplings other than the strong gauge coupling and the top and bottom
Yukawa couplings for the RG evolution of the tree-level matrix (23). The scale evolution
of this matrix is considered only at one-loop leading-log order, that is
m2ij(Q) ≃ m2ij(Q0) + βij ln
Q2
Q20
, (24)
with Q0 = 100 GeV. The quantities βij depend also on the soft mass of right-handed
sbottoms, MD, on the soft trilinear coupling, Ab, associated to the bottom Yukawa
coupling in the superpotential and on the gluino mass, Mg. We take MD = Mg = 1
TeV and Ab = 0. The upper (lower) curves correspond to p
2 equal to the heavier
(lighter) mass eigenvalue (of the radiatively-corrected mass matrix) while the flat curves
in-between have p2 = p2
∗
≡ (M2t˜1 +M2t˜2)/2. The improvement in scale independence
is dramatic when this last choice is made. The difference in tan 2θt due to different
choices of the external momentum can be a ∼ 5−7% effect in the case of figure 1.a and
much larger for 1.b (depending strongly on the value chosen for the renormalization
scale).
Once a scale-independent mixing angle θ˜t has been obtained, we can also define
a scale-independent, ’on-shell’, stop mixing parameter, XOSt , by the relation (already
used in [14])
sin 2θ˜t ≡ 2MtX
OS
t
M2
t˜1
−M2
t˜2
, (25)
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Figure 1:
Scale dependence of the stop mixing-angle θt(p
2) for different values of the external momentum p as
indicated. Figure 1.a (left plot) has ML = 1500 GeV, MR = 300 GeV, Xt = 1 TeV while figure 1.b
(right plot) has ML =MR = Xt = 1 TeV. In both cases tanβ = 10.
where Mt is the pole mass of the top quark.
3. Another sector of the MSSM in which radiative corrections and mixing effects
are quite relevant is the Higgs sector, in particular for the mixing between the two
neutral Higgses2 (we assume CP is approximately conserved in the Higgs sector so that
only two CP-even states can mix. If this were not the case, similar analyses would be
possible). In the {H0
1
, H0
2
} basis, the Higgs mass matrix, corrected at one loop, is
M2H ≃

 m2As2β +m2Zc2β −∆11 −(m2A +m2Z)sβcβ −∆12
−(m2A +m2Z)sβcβ −∆21 m2Ac2β +m2Zs2β −∆22

 . (26)
In this expression, mZ and mA are the DR masses of the Z
0 gauge boson and the
pseudoscalar Higgs, A0, respectively and we use the shorthand notation sβ = sin β,
etc. The diagonal one-loop self-energy corrections include a piece from Higgs tadpoles
(see e.g. ref. [12]) which ensure that Higgs vacuum expectations values minimize the
one-loop effective potential. With this definition, the parameter tan β has the usual
RGE in terms of the Higgs anomalous dimensions3:
d tanβ
d lnQ2
≡ γ2 − γ1 , (27)
2For an incomplete list of previous literature on the radiatively corrected Higgs mixing angle see
e.g. refs. [15] in on-shell scheme and refs. [12,16,17] in DR -scheme.
3 Other definitions of tanβ are possible, see e.g. [18].
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with γi ≡ d lnH0i /d lnQ2. In spite of this small complication present in the Higgs
sector, the general derivation given in section 1 gets through also in this case: we
get a scale-independent Higgs mixing angle, α, with the external momentum taken as
p2 = p2
∗
= (M2h +M
2
H)/2, where Mh and MH are the masses of the light and heavy
CP-even Higgses respectively4.
To show this, we plot tan[2α(p2)] in figures 2 and 3 as a function of the renor-
malization scale, with 100 GeV ≤ Q ≤ 1 TeV, for different choices of parameters. In
figure 2 we take mA = 500 GeV, with tan β = 3 in the upper-left plot, tan β = 10 in the
upper-right one and tanβ = 40 in the lower plot. For the rest of parameters we take
Xt = 0, Xb ≡ Ab + µ tanβ = 0 (i.e. diagonal squark masses), Yt ≡ At − µ tanβ = 0,
and ML =MR =MD = 1 TeV. Just like in the previous section, we have made several
approximations for our numerical examples: we neglect all couplings other than the
top and bottom Yukawa couplings (here the strong coupling does not enter in one-
loop corrections) and consider the RG evolution of the tree-level piece of (26) only at
one-loop leading-log level [like in eq. (24)].
From figure 2 we see that the choice p2 = p2
∗
= (M2h + M
2
H)/2 indeed improves
significantly the scale-independence of the Higgs mixing angle α(p2). In these plots we
compare this choice of external momentum with three other possibilities: p2 equal to
one of the Higgs masses squared (M2h or M
2
H , radiatively corrected) or p
2 = 0. The
possibility p2 = M2h has been used frequently in the literature to define the Higgs
mixing angle. The same can be said of p2 = 0, which is the choice made when radiative
corrections are extracted from the effective potential only, without correcting for wave-
function renormalization effects.
The left column of plots in figure 3 presents the same comparison between different
choices of external momentum in the definition of the mixing angle α but for a lower
value of the pseudoscalar mass: mA = 120 GeV, with the rest of parameters chosen
as in figure 2. The parameter tan β is 3 for the upper(-left) plot, 10 for the middle
one and 40 for the lower plot. (In the plots for tan β = 40, curves with higher p2
correspond to lower values of tan[2α(p2)].) It is clear from this figure that, although
p2 = p2
∗
is somewhat better than other choices, there is some residual scale-dependence
left. In this case with low mA, the effect of higher order corrections is not negligible,
and eventually such effects should be taken into account if a better scale stability of
4The momentum dependence of the Higgs mixing angle was also addressed in [19].
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Figure 2:
Scale-dependence of the momentum-dependent Higgs mixing-angle α(p2) for p2 values as indicated.
All figures have mA = 500 GeV, Xt = Xb = Yt = 0 and ML = MR = MD = 1 TeV, while tanβ is 3
for the upper-left plot, 10 for the upper-right one and 40 for the lower plot.
the mixing angle is required.
To do that, one should go beyond the one-loop approximation used so far. To
identify more clearly the origin of the residual scale dependence let us write explicitly
[using (14), (16) and (24)] the elements of the radiatively-corrected mass matrix. As-
sume for simplicity that γij = γiδij and m
2
12
= m2
21
. For the diagonal elements one has
(in one-loop leading-log approximation):
M2ii(Q) ≃ m2ii(Q0)−∆ii(p,Q0)− 2γi(m2ii − p2) ln
Q2
Q20
, (28)
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Figure 3:
Scale dependence of the momentum-dependent Higgs mixing-angle α(p2) for p2 values as indicated.
All figures have mA = 120 GeV; the parameter tanβ is 3, 10, 40 from top to bottom plots while
Xt = Xb = Yt = 0 and ML = MR = MD = 1 TeV. Left plots use a purely one-loop definition of α
while those in the right use a improved definition, as described in the text.
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and, for the off-diagonal element:
M2
12
(Q) ≃ m2
12
(Q0)−∆12(p,Q0)− (γ1 + γ2)m212 ln
Q2
Q20
. (29)
The scale at which the prefactors of the logarithmic terms should be evaluated is irrele-
vant for the one-loop leading-log approximation: different choices introduce differences
only in higher order corrections. One may try to choose a scale that approximates well
such corrections. One could also argue in favour of including in the prefactors of the
logarithmic terms finite (non-logarithmic) radiative corrections. The key observation
to improve the scale-independence of the mixing angle beyond one-loop is the following:
if the matrix elements have the form
M2ii(Q) ≃ m˜2ii − 2γi(m˜2ii − p2) ln
Q2
Q20
, (30)
M2
12
(Q) ≃ m˜2
12
(Q0)− (γ1 + γ2)m˜212 ln
Q2
Q20
. (31)
where m˜2ij ≡ m2ij(Q0) + [Q− indep. loop corrections], then it is straightforward to
show that the mixing angle for the matrix with elements (30) and (31) is exactly scale-
independent for p2 = (m˜2
11
+ m˜2
22
)/2. Therefore, in order to improve over the one-loop
leading-log result, we make the replacement
m2ij → m2ij(Q0)−∆ij(p,Q0) , (32)
in the logarithmic terms of (28) and (29). At this point one should worry about the
choice of scale Q0. However, eqs. (14) and (16) [with the replacement (32) made also in
(14) for consistency] guarantee that the elements of the Higgs mass matrix, improved
by (32), are independent of Q0. We have checked numerically that the impact of the
choice of Q0 in the mixing angle is tiny.
The replacement (32) is similar to the use of improved masses in [16] for a nu-
merically accurate calculation of radiatively corrected Higgs masses. It amounts to the
inclusion of some one-loop corrections to Higgs masses in the determination of p2
∗
. Note
however that it does not correspond to the use of the full one-loop masses. Such choice
would be consistent only if the Higgs self-energies were computed at two-loops. If that
is not the case it does not give a better scale-independence than the advocated choice
in (32). A consistent two-loop analysis of the scale-stability of mixing angles would be
interesting but lies beyond the scope of the present paper.
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The results for tan[2α(p2)] after the improvement (32) are presented in the plots
of the right column of figure 3. The parameters are the same as those chosen for
the left plots, so that the improvement in scale stability can be appreciated by direct
comparison: now the choice p2 = p2
∗
≡ (M2
t˜1
+M2
t˜2
)/2 gives a perfectly scale-independent
determination of α. From these plots we also see that, at least for moderate values of
tan β, there is a particular value of the renormalization scale for which a) the mixing
angle is nearly momentum independent and all curves are focused in one point and
b) the corresponding value of the mixing angle is a good approximation to the scale
independent result. Clearly, that choice of renormalization scale corresponds to a value
for which the one-loop logarithmic radiative corrections are minimized. The existence
of such a good choice of scale is not always guaranteed if the spectrum of the particles
in the loops is widespread, case in which not all logarithms can be made small at a
single renormalization scale.
4. The mixing angle between two scalar particles with the same quantum numbers,
once radiative corrections are taken into account, depends on the renormalization scale
and the external momentum. We have shown that, at one-loop, the scale dependence
disappears for a particular choice of the external momentum, p2
∗
= (M2
1
+M2
2
)/2, where
M1,2 are the masses of the two particles. The particular momentum p∗ plays a role
similar to the on-shell choice p2 = M2 for the determination of a radiatively corrected
physical mass M .
We have applied this prescription to two cases of interest in the Minimal Super-
symmetric Standard Model: the mixing between stops and the CP-even Higgs mixing.
We have shown numerically that the advocated choice of momentum does indeed im-
prove the scale independence of the one-loop corrected mixing angles in both cases.
In the Higgs boson case, especially for low values of the pseudoscalar mass, we had to
go beyond the one-loop approximation to get a satisfactory behaviour of the mixing
angle, but this could be achieved easily by taking into account higher order corrections
(in particular, one-loop non-logarithmic corrections to mass parameters in expression
which were already of one-loop order). Therefore, our prescription could be very useful
for a reliable determination of these mixing angles.
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